We present the quadratic and cubic normal forms of a nonlinear, control system around an equilibrium point. These a r e the normal forms under change of state coordinates-and invertible state feedback. The system need not1 be linearly controllable. A control bifurcation of a nonlinear system occurs when its linear approximation loses stabilizability. We study some important 1 control bifurcations, the analogues of the classical fold; transcritical and Hopf bifurcations.
I! Introduction
The theory of normal forms and bifurcations of dynamical systems is well-known [8] . One considers a smooth vector field x = f (x, left half plane but some are on the imaginary axis then the first approximation is not decisive, the system (1.1) may be locally asymptotically stable or unstable, depending on higher degree terms.
The character of the equilibria can change at a critical value of the parameter, perhaps two branches of equilibria cross or a branch looses or gains stability.
Such a state and parameter is called a bifurcation point of the parametrized vector field. A local bzfircatzon takes place at a parameter value where the system loses structural stability with respect to parameter variations, i.e. the phase portrait around the equilibrium at the critical parameter value is not locally topologically conjugate to the phase portraits around the equilibria at nearby parameter values. If the local linearizations at two equilibria have no poles on the imaginary axis and the same numbers of strictly stable and strictly unstable poles then the local phase portraits are topologically conjugate. Therefore a bifurcation is characterized mathematically by one or more eigenvalues of the linearized 'system crossing the imaginary axis. We restrict our discussion to local bifurcations which we refer to as bifurcations.
A standard approach to analyzing the behaviour of the parametrized ODE (1.1) around a bifurcation point is to treat the parameter as an additional state variable with dynamics fi = 0 and to compute the center manifold of the extended dynamics through the bifurcation point and the dynamics restricted to this manifold [8] . The center manifold is an invariant manifold of the differential equation which is tangent at the bifurcation point to the eigenspace of the neutrally stable eigenvalues. In practice, one does not compute the center manifold and its dynamics exactly, in most cases of interest, an approximation of degree two or three suffices. If the other eigenvalues are in the open left half plane, then this part of the dynamics is locally asymptotically stable and therefore can be neglected in a local stability analysis around the bifurcation point. The bifurcation point will be locally asymptotically stable for the complete dynamics iff the dynamics on the center manifold is locally asymptotically stable. Of course, at some nearby equilibria the dynamics may be unstable. The next step is to compute the Poincar6 normal form of the center manifold dynamics. From its normal form the bifurcation is recognized and understood. Familiar examples are the fold (or saddle node), the transcritical and the Hopf bifurcations. The first two of these depend on the normal form of degree two and the last one depends on the normal form of degree three. The fold and Hopf bifurcations are the only ones that are generic and of codimension 1, i. e., depend on a single parameter, so these are the most important.
The study of bifurcations of differential equations with control was initiated by Abed and Fu, [l], [2] . They considered systems where the parameter is distinct from the control
They assumed that the uncontrolled system U = 0 undergoes a bifurcation at a critical value of the parameter PO and they studied the stabilizability of the system by quadratic and cubic feedbacks.
Kang, [5] studied the degree two normal forms and bifurcations of control systems with (1.3) and without a parameter (1.4). A control system does not need a parameter to bifurcate, the control can play the same role.
The equilibria of a controlled differential equation,
are those values of xe, U, such that f(x,, u e ) = 0. The equilibria are conveniently parametrized by U or one of the state varaibles. Two key facts differentiate bifurcations of a control system (1.4) from that of a parametrized system (1.1). The first is that for the latter the structural stability of the equilibria is the crucial issue but for the former the stabilizability by state feedback is the crucial issue. A control system (1.4) is linearly controllable (linearly stabilizable) at z, , U, if the local linear approximation is controllable (stabilizable). If the linear approximation is stabilizable, then the nonlinear system is locally stabilizable. If the linear approximation is not stabilizable, then the nonlinear system may or may not be locally stabilizable, depending on higher degree terms. A control bijurcation of (1.4) takes place at an equilibrium where the linear approximation loses stabilizability. Notice that this is different from the bifurcation of a parametrized system (1.1) which take place at an equilibrium where its linear approximation loses structural stability with respect to parameter variations. Frequently this loss of structural stability is caused by a loss of linear stability, one or more eigevalues of (1.2) crossing the imaginary axis. To empahsize this distinction we shall refer to the latter as a classical bifurcation.
The other difference between control and classical bifurcations is that when bringing the control system into normal form, a different group of transformations is used. For classical bifurcations, we use parameter dependent change of state coordinates and change of parameter coordinates but for control bifurcations we use change of state coordinates and state dependent change of control coordinates (invertible state feedback) to simplify the dynamics.
After reviewing Kang's work on the normal forms of degree two control systems, we extend it to degree three normal forms. Similar results for discrete time systems can be found in [3], [7] . Kang studied the control theoretic analogue of the transcritical bifurcation. We extend this to a study of the control theoretic analogues of the fold and the Hopf bifurcations. We will study the stabilizability of these around the bifurcation point. We will also discuss the parametrized stabilizability of the parametrized family to nearby equilibria by a parametrized control law. Because of space limitations, the proofs will appear elsewhere [6]. These theorems hold even when some of the eigenvalues of A 1 are not real. The linear change of coordinates that diagonalizes A 1 is complex and the corresponding coefficients in the normal forms are complex. The real dimension of the parameter space is unchanged as the complex coordinates come in conjugate pairs hence some coefficients are required to be complex conjugates of each other. must be studied. A similar fact holds true when studying control bifurcations. In most applications one will ultimately use state feedback in an attempt to stabilize the system so the coordinates that are linearly stabilizable can be ignored to a large extent. If there are modes which are neutrally stable and are not linearly stabilizable, then the particular choice of feedback will influence the shape of center manifold of the closed loop system and the dynamics thereon. It might be possible to achieve asymptotically stable center manifold dynamics by the proper choice of feedback although it will not be exponentially stable.
One can also reduce the number of moduli by considering weaker forms of equivalence than smooth change of coordinates and invertible smooth feedback. We now discuss some important bifurcations of control systems. Some of this has already been established by Kang.
Fold Control Bifurcation
Just as with classical bifurctions, the simplest control bifurcation is the fold. This control bifurcation has not been studied before. Ideally one would like to find a continuous family of feedbacks that makes the family of equilibria asymptotically stable, i. e., for each small p, the closed loop sys-
is asymptotically stable to z e ( p ) . The lowest degree terms of more general smooth feedbacks will be like (3.18).
Clearly the the 2 2 subsystem is stabilizable for all p by proper choice of K2 and this gain can be chosen independent of p. The question is can we find K l ( p ) which stabilizes the z1 coordinate for all small 1pl.
Since the linear approximations are stabilizable for p # 0, it is certainly possible to find a stabilizing feedback at each such p. The linear approximation at p = 0 has an uncontrollable, unstable mode so it is not possible to stabilize it. But is it possible to stabilize the approximations for p # 0 with a feedback that is bounded through p = O? The answer is no for systems with a fold control bifurcation. For any bounded feedback, the closed loop system will be unstable in some neighborhood of p = 0. By using higher and higher gain, it is possible to stabilize the system closer and closer to p = 0. But if the feedback (3.18) is continuous, at best it will stabilize only some small but not too small p > 0 or only some small but not too small p < 0. If a smooth family of feedbacks does stabilize the system for some small p > 0, the parametrized closed loop system generically undergoes a classical fold bifurcation (also called a saddle-node bifurcation) at some smaller p > 0.
We illustrate this with a simple example in normal form The linear approximation of the closed loop dynamics under a smooth feedback (3.18) is which is neutrally stable at p = 0. If the feedback stabilizes the 22 subsystem when p = 0 then the determinant of the full system matrix changes sign at p = 0 so generically the closed loop system undergoes a fold bifurcation. Under quadratic feedback v = K1(z? -p 2 ) + K2z2 the system will undergo a transcritical bifurcation if A2 + B2K2 is Hurwitz.
Hopf Control Bifurcation
This control bifurcation has not been studied before.
The uncontrollable modes are a nonzero complex conjugate pair, stable but the two poles associated primarily with the z1 subsystem will cross into the right half plane at some small value(s) of p. Depending on the choice of feedback, they will cross one at a time as real poles, cross together through 0 or cross together as a nonzero complex conjugate pair. If they cross separately as real poles then generically the closed loop system undergoes a fold bifurcation as the first pole crosses. If they cross together as a nonzero complex conjugate pair then generically the system undergoes a Hopf bifurcation. If they cross together through zero the situation can be quite complicated and will not be discussed here.
If v = 0 and the feedback (3.18) is continuous then generically the system undergoes a Hopf bifurcation at p = 0. We illustrate this with an example. 
The closed loop dynamics is
The first Lyapunov coefficient (see [8] , (10.50)) is ll(0) = -70.11. This and (3.19) imply that the closed loop system undergoes a supercritical Hopf bifurction at p = 0. For small p > 0 the origin is locally exponentially stable. For small p < 0 the origin is unstable but there is a locally asymptotically stable limit cycle nearby. At p = 0 the origin is locally asymptotically stable but not locally exponentially stable. 4 
Conclusions
We have presented the normal form to degree 3 of a smooth control system around an equilibrium point under the group of smooth coordinate changes and invertible smooth feedback. From these normal forms we were able to identify the simplest control bifurcations, the fold control bifurcation, the transcritcal control bifurcation and the Hopf control bifurcation. We emphasize the distinction between a control bifurcation and a classical bifurcation. A control bifurcation occurs at an equilibrium where the control system loses linear stabilizability. A classical bifurcation occurs at an equilibrium where the dynamical system loses structural stability with respect to parameter variations. Bifurcation control is different from a control bifurcation. The former refers to the modification by feedback of a classical bifurcation of the U = 0 system. Of course these concepts are closely related and when a system with a control bifurcation is modified by smooth feedback the result is a classical bifurcation.
